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Abstract-An existing condensation model reduction theory is modlfled so ss to perform degree 
of-freedom elimination on the constitutive operators of semi-discrete system models while retaining 
system-response-prediction fidelity in those degrees-of-freedom that remain. For the important spe- 
cial case for which this process corresponds to homogenizing/smoothing of the constitutive behav- 
ior of deterministic, heterogeneous media, such as composites, the spatially-discrete version of the 
macroscale constitutive operator is fully and directly calculated from the given, spatially discrete 
microscale-constitutive and material-independent operators, the composition of which forms the spa- 
tially discrete system operator. (In this paper, “micro” is taken to mean the scale of the heterogeneity, 
such ss the inclusion-matrix scale of a composite component, and “mscro” is taken to mean a scale 
which is globally small but large compared to the heterogeneity, such as the local-structural-response 
scale of a composite component. Some refer to this definition of microscale as the mesoscale.) The 
form of structural-scale composite constitutive operators, as well as their content, are hence amenable 
to systematic deduction in this semi-discrete setting. (Linear-elastic and viscoelastic forms are ex- 
amples of stressstrain constitutive operator forms for solids.) This contrasts with current “guess 
the form and fit its parameters” techniques. In fact, it is shown that the semi-discrete kernel of a 
wide class of nonlocal macroscale constitutive operators can be computed directly. The condensation 
method of this paper is applicable to nonlinear constitutive relations as well ss linear ones, at least to 
an extent comparable to the condensation model reduction theory from which it originated. As both 
a demonstration and a validation check, the method is applied to the computation of the macroscale 
stress-displacement operator for both a periodic and a nonperiodic linear elastic laminate. 
Keywords-Condensation, Constitutive, Homogenization, Smoothing, Degreeof-freedom, Semi- 
discrete. 
1. INTRODUCTION , 
In continuum physics the system operator of the mathematical model of a physical system is gener- 
ally a mapping-composition of a material-independent operator (often consisting of conservation 
laws and boundary conditions) and one or more constitutive operators [I]. The condensation 
model reduction theory developed by Flippen [2] treated the (semi-discrete) system operator as a 
whole, without distinguishing between the operators out of which it is composed, in the degree- 
of-freedom reduction process. In the spirit of [l], the method of [2] is modified in this paper so 
as to target the direct prediction of reduced-degree-of-freedom constitutive operators. (Model 
reduction is the mathematical synthesis of a reduced, practicable mathematical model from a 
known-but-intricate, complex mathematical model so that the “essential physics” of the original 
model of the physical system is preserved.) 
For the special, but important, case for which this process corresponds to homogenizing- 
smoothing of deterministic, heterogeneous media, such as composites, the full-degree-of-freedom 
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operators are spatially discrete with sufficiently fine resolution so as to fully “capture” the het- 
erogeneity of the material. In such cases, a reduced-degree-of-freedom constitutive operator 
synthesized by the method of this paper reflects an “equivalent”, spatially-smoothed or home- 
geneous material which responds, at the retained degrees-of-freedom, just as the original (fine- 
resolution) model of the composite material does. The method of this paper hence provides, 
in this spatially discrete setting, the capability to simultaneously calculate both the form and 
content of structural-scale composite constitutive relations from prescribed inclusion-matrix scale 
constitutive relations and microgeometry. As a clarification of form and content in this context, 
forms of constitutive operators relating stress and strain for the mechanical response of solid 
materials include linear-elastic, plastic, and viscoelastic, for example. (A constitutive operator is 
general enough to account for things such as rate dependence for example; being an operator, 
it can include time derivatives or integrals as an inherent part of its definition.) The content 
of a constitutive operator often takes the form of (possibly position-dependent) constitutive pa- 
rameter values. As an example, the content of a constitutive operator whose form is given to 
be linear-elastic would be the prescription of the values of the elastic moduli throughout the 
medium. Some potential applications may make direct use of the semi-discrete version of the 
macroscale constitutive operator, so that transformation back to the continuum case is not nec- 
essary. Alternatively, one can assume a very general macroscale constitutive form, such as an 
integral-operator-with-kernel form, and interpret the discrete operator directly in terms of it. 
Using such an approach, it is shown in Section 5 that a semi-discrete kernel may be computed 
directly for a wide class of such nonlocal operators. On the other hand, an important potential 
application of the methodology of this paper would be to build up a media-classification scheme 
for continuum, macroscale constitutive operator forms by performing computational experiments 
on many postulated microgeometry-and-phase/interface-constitutive-relation combinations with 
discrete macroscale constitutive operator outcomes. The idea of correlating effective constitutive 
forms with classes of composite microgeometries is implied by Randles [3], whose practical ap 
preach is to develop a constitutive form for a simple composite microgeometry, such as a laminate, 
and then investigate the extent to which this form accounts for the behavior of more complex 
composite microgeometries. 
Homogenization/smoothing [4] methods which are not based on condensation ideas also pro- 
duce macroscale constitutive operators. Multiple scales homogenization [5,6] methods generate 
infinite-order (operator) polynomials in the spatial and time derivatives as the macroscale con- 
stitutive operator form, but such methods are limited to periodic media only. In addition, the 
infinite number of terms produced reflects the fact that a generally nonlocal macroscale consti- 
tutive operator is being approximated by a series of local operators [4]. In contrast, the method 
of this paper can handle nonperiodic media and has the potential of dealing directly with nonlo- 
cal operators as well as local ones, especially when the nonlocal behavior is associated with the 
discrete independent variables. Smoothing methods [7], such as effective medium/self-consistent 
theories [8], also seem to be capable of approximating nonlocal, as well as local, constitutive 
operators governing macroscale response, at least for certain classes of problems. The rigorous 
foundation of smoothing methods, however, is based on an assumption of the presence of only 
weak heterogeneities, that is, for small departures from homogeneity as in cases of low inclusion 
concentration levels. In particular, unless the inclusions and matrix phases are close in their 
constitutive behavior, ad hoc closure assumptions [7, pp, 31-331, or their equivalent, are required 
to allow for strong inclusion-inclusion interaction effects at high inclusion concentration levels. 
In the next section, a generic description of material-independent and constitutive operators, 
and their composition as the system operator, is given as a prelude to the condensation of such 
systems. In Section 3, the general condensation procedure for reducing degrees-of-freedom in 
semi-discrete constitutive operators is developed in theorem-proof format. It is a modification of 
the condensation procedure of [2]. In Section 4, this method is applied to the stress-displacement 
constitutive operator of two linear elastic laminates, one periodic and the other nonperiodic. 
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2. MATERIAL COMPOSITION DEPENDENCE 
The mathematical model of many systems, at least in continuum physics, can be divided into 
material-composition-independent and constitutive (material-composition-dependent) parts [I]. 
The constitutive part of the model is geometry-independent. The material-composition-indepen- 
dent part of the model can itself be further divided [l] into geometry-dependent (boundary 
condition description) and geometry-independent parts, but this fact will not be greatly utilized in 
this paper. The part of the model which is both material-composition-independent and geometry- 
independent, typically prescribed on the spatial interior of the system, is usually considered to 
be both fundamental and universal. It often represents a mathematical statement of one or more 
conservation laws. 
The generic division of the complete mathematical model of the system 
Lu=f (1) 
into a material-composition-independent model 
and a constitutive model 
is given by defining L as 
q= f: u ( > 
L=A f: ( > , 
(3) 
(4 
where mapping composition is implied in (4) and where q denotes an array of all of the dependent 
variables of the system, including all of those needed to give a complete material-composition- 
independent description of the system. The elements of the array u consist of the A4 uppermost 
dependent variables of q, so that u forms a subarray of q, where M equals the number of available 
material-composition-independent governing equations in (2). The I in (3) is hence an M x M 
identity matrix. The dependent variables in u are regarded as the ones to be ultimately solved 
in (l), the remaining dependent variables found in q being determined from those in u through 
the constitutive relations found in C. The number of unknowns, M, of u, hence must equal the 
number of governing equations in the full model (1). The f contains both the boundary and the 
internal (body forces, volumetric heat sources, etc.) stimuli which drive the system response u 
in (l), as well as any prescribed initial values, if required. In particular, the initial-condition part 
of (2) might look like 
if the model called for initial values of both u and its first derivative in time, where Y’ is an 
operator such that Tg(t) = g(0) f or any “reasonable” function of time g, where 
for t the time, where 
where ~0 is the prescribed initial value of u, and where tie is the prescribed initial value of 7~. 
The topic of this section is covered in greater depth in [l], including some examples. 
As an example, in the case of solid mechanics q might consist of the displacement, stress, 
and momentum-density dependent variables, u might consist of the displacement dependent 
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variables, equation (3) might relate each of stress and momentum-density to displacements via the 
constitutive-operator C, and (2) might represent the material-composition-independent version 
of the conservation of momentum, the prescribed boundary conditions, and the initial condition 
(if required). Displacement was chosen over strain since boundary condition specification in (2) 
is most conveniently represented in terms of either a displacement or a normal-stress prescription 
over any given portion of the global boundary surface. Initial condition specification is also 
more convenient in terms of displacement. Note that the inclusion of momentum-density in q is 
required in order to keep (2) strictly material-independent. (Homogenization/smoothing results 
show that the macroscale version of the momentum-density/displacement constitutive relation is, 
in general, considerably more complicated than the microscale version, reducing to its microscale 
form (mass density times the time derivative of displacement) only in limiting cases. Using 
a modification of the multiple scales method which conforms to [l], the author has produced 
such macroscale momentum-density/displacement constitutive relations which had the form of 
an infinite-order polynomial in the spatial and time derivatives, the first term of which was an 
effective-mass-density times the time derivative of displacement. This justifies its elevation to 
constitutive status, an elevation which is often overlooked in homogenization/smoothing and 
elsewhere. See also [3], for example.) 
3. CONSTITUTIVE-OPERATOR CONDENSATION 
As in [2], the constitutive-operator condensation method is given in theorem form so that the 
conditions under which the method is rigorous are clearly stated. The proof of the theorem, which 
constitutes a derivation of the method, is given in the Appendix of this paper. The method of this 
paper is applicable to semi-discrete systems of the form given in Section 2, where the components 
of u and f are functions of the remaining (continuous) independent variables, subject to the three 
following restrictions. Taking (generally nonsquare) A and C, and square L, as matrices with 
operator components, as in [2], the definition of the multiplication of two arbitrary matrices is 
generalized accordingly to 
(5) 
for compatible matrices A and B, where the symbol o denotes mapping composition, that is, 
AikOBkj applied to some function g is interpreted ss &(Bkj(g)). In the special csse where B is 
a matrix of functions (not operators), then 0 in (5) is interpreted to mean AikOBkj = Aik(Bkj). 
Similarly, the requirement (7) of [2] is repeated here as 
AijOG = iS, (6) 
for all i and j for any given matrix A, where 5 is the zero operator, for which everything in its 
domain is mapped into the zero function. 
The third requirement of an admissible semi-discrete model is that the A of (2) be a homo- 
morphic matrix. (Matrices whose operator components consist entirely of homomorphisms with 
respect to the addition operation are defined in this paper, as in [2], to be “homomorphic.” An 
operator is a homomorphism with respect to the addition operation if it preserves the addition 
operation in its mapping action, that is, if AikO(B,j -I- Cmj) = AikOBmj + AikOCmj for any 
components of A, B, and C, respectively. A linear operator is a homomorphism with respect to 
the addition operation, for example.) This is not as big of a restriction as it might appear to 
be initially. Linear models clearly satisfy the requirement. Those continuum physics models for 
which the nonlinearities of the model are confined to the constitutive operators, however, also 
satisfy this requirement. 
The adoption of (5) and (6) precludes the use of ordinary matrix algebra ss one is accustomed 
to. In particular, ordinary associativity cannot be taken for granted. The I’s and O’s used in this 
paper, which vary in size according to context, are analogous to the identity and zero matrices 
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of ordinary matrix algebra, but are defined as in the Appendix A of [2] so as to be compatible 
with (5) and (6). For those who are not familiar with permutation matrices, a relevant treatment 
is also given in Appendix A of [2]. 
THEOREM 1. Assume that the matrices A and C, of (2) and (3), respectively, are given, that they 
obey (5) and (61, and that A is homomorphic. Choose a matrix cx which also obeys (5) and (6) 
and from which the matrix 
F,= ;; 
( > 
(7) 
can be formed such that F itself and the I in (7) are both square, and such that F is the same 
size as L from (4). Choose any permutation matrix P, along with its companion permutation 
matrix P-l, such that P is also the same size as L. Define the matrices 
P = P-lFP 
n=(I 0)P 
(8) 
(9) 
ii=PA( ‘oil ;) 
5 = CP-l, (11) 
so that the submatrix I in (9) is the same I as in (7), that is, II is the “top part” of p times P. 
The submatrix I in (IO) is such that the matrix of which it is a part (which multiplies A on the 
right) is square. Partition d and 5 as 
A = !!;: ;?; !!!Z 
( 
_ M I 
> 
(12) 
%= ( 51 &, ) (13) 
so that dll is square with the number of columns of A 11 and 21 each equal to the number of 
rows of the the I in (7), and the number of columns of Alz equal to the number of rows of the a 
in (7). The other submatrices are then fully determined. Solve the “condensation equations” 
IL, + L/3 + A,, (G + GP) = a [A11 + Lsp + A13 (% + C,P)] ) (14 
for the matrix (of operators) ,O and then define the matrices 
A ejj = ( [&I + LP] , h3 ) (15) 
c ejj = % + %P 06) 
so that the submatrices I in (18) and (17) are the same I as in (7). The right hand side of ( 
is partitioned. 
(17) 
25) 
l The matrix P is idempotent, that is, PP = P. 
l For any f for which 
Pf =f, 
if v is a solution to 
L(Jv = l-If, 
(19) 
(20) 
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then 
is 8 solution to (1). 
21 = 0v (21) 
The square delimiters of the right hand side of (14) are there merely to signify that LY cannot 
generally be distributed over addition; no implications regarding multiplicative associativity are 
intended. Note that only the degrees-of-freedom associated with u are condensed; the degrees- 
of-freedom associated with the remaining dependent variables of q are left intact. 
Just as in the system-operator condensation of [2], the condensation equations (14) are both 
fundamental and central to the method since their solution, in any given case, presents the 
main obstacle to the successful application of the method. The condensation-equation-solution 
techniques developed in [2] may perhaps also apply to the condensation equations (14) of this 
paper, hence allowing the determination of the unknown operator components of fi in such cases. 
This will not be explored in this paper beyond the simple caSe of fully-discrete systems, however. 
Because of the requirement (19), the set of stimuli (loads, sources, or whatever physics with 
which one labels f) which are allowed to drive the system corresponds mathematically to the 
range of P, where P, in turn, is determined by one’s choice of a and P. This choice should, 
hence, include all, or as much as possible, of the desired stimuli. Typically the nodes from 
the discretization process are divided into “master” nodes, whose associated degrees-of-freedom 
in f are to be retained, and “slave” nodes, whose associated degrees-of-freedom in f are to 
be eliminated. The P permutation matrix is then designed to gather the degrees-of-freedom 
associated with the chosen master nodes into the “upper part” of Pf, The number of rows of 
the a: in (7) is determined by the number of degrees-of-freedom associated with the slave nodes, 
and the number of columns of Q is determined by the number of degrees-of-freedom associated 
with the master nodes. An important class of choices for P consists of smoothing matrices. Such 
projector matrices are used in homogenization/smoothing applications, for example, and they are 
discussed more fully with respect to their design, construction, and use in (21. The components 
of a can be operators and hence, one has a fair amount of flexibility in tailoring P to one’s needs. 
There is a distinct advantage, however, in keeping Q homomorphic since then (14) reduces to 
K- A22 -cd,, f 1 ( A,, -ad 13)C2]P = (&I -A21> "t- (c&s -A,,> 2, (22) 
because of Theorem 3 of [Z]. 
3.1. Caveat: Material Composition Independence for h,ff 
Equation (17) is exactly analogous to (4). In addition, Theorem 1 shows that the predictions 
of the full-degree-of-freedom model (1) associated with (4) and the predictions of the reduced- 
degre~of-~eedom model (20) associated with (17) correspond via (21) for f’s such that (19) is 
true. Together these facts justify the interpretation of C,ff from (16) as the reduced-degree-of- 
freedom constitutive operator corresponding to C. Regrettably, the condensation theory could 
not be made to conform to the abstract model reduction framework of [l]. A consequence is 
that preservation of the material-independent property of A is not universally guaranteed for all 
models for all condensation processes. The presence of material-composition-dependent /3 in the 
expression for Aerr of (15)) for nonzero Am, is a manifestation of this. Fortunately, it is very 
often the case that the only direct need for the u dependent variables (embedded in q) in (2) is, 
at most, for the boundary condition and initial-value prescriptions included in (2)) if any of them 
involve the u variables. In such cases, the inclusion of any such boundary nodes in the master 
nodes will render the “troublesome part” of Ais to be identically zero, eliminating the coupling 
of the materiaI-dependent part of p into R,ff. (The presence of /3 in the initial-condition-part of 
either A or Aeff would involve ,&, which is p at the initial time value. As pa determines [2] the 
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set of admissible intial-conditions in a manner which is independent of the material composition, 
this does not compromise the material-independent property required of both A and Aeff for 
their consistency.) For cases for which the “troublesome part” of Ars cannot be made zero, there 
may be cause for some doubt as to the validity of the calculated C,ff. 
3.2. Overview of Application Process 
The equations of Theorem 1 can now be reorganized so as to present the constitutive-operator 
condensation method as a procedure. Assuming that the model is semi-discrete, put the model 
to be processed into the form of (2) and (3) so that the A and C are known. Check that they 
satisfy (5) and (6) and that A is homomorphic. Choose the matrix cy and the permutation 
matrix P, which in turn determine P via (7) and (8), such that the range of P includes all, or as 
much as possible, of the desired stimuli and such that cr satisfies (5) and (6). Next, form A and 5 
according to (10) and (ll), respectively, and then partition them according to (12) and (13). 
Solve the condensation equations, which are given by (22) if a is homomorphic or by (14) if it is 
not homomorphic, for ,0 so that ,f3 is now known, at least approximately. Determine, using p, the 
“effective” (reduced-degree-of-freedom) constitutive operator C,ff from (16). The constitutive- 
operator condensation process is now complete. In applying the process, one should try to choose 
master node locations so that the resulting reduced, discrete constitutive operators will be easier 
to recognize. For example, if the original discretization for the full-degree-of-freedom model used 
a regular grid for finite-differencing, the grid associated with the master nodes should also be 
a regular (though coarser) grid so that continuum equivalents of the reduced-degree-of-freedom, 
finite-difference-form constitutive operators may be more easily recognized. 
4. STATIC LAMINATE DEMONSTRATION CASES 
The special case of a fully-discrete model is the simplest one to investigate because the matrices 
of operators in Theorem 1 then revert to ordinary matrices. The fl solution to (22) is obtained, 
in such cases, by ordinary matrix inversion. As a specific example, a fully-discrete model results 
from the spatial discretization of a continuum, static mathematical model of a composite with 
linear microscale constitutive behavior. (It is assumed that the spatial resolution is sufficiently 
fine so as to fully “capture” the heterogeneity of the composite.) The spatial discretization of a 
static, transverse-layer-response model of a linear elastic laminate probably represents the sim- 
plest instance of this class of composite models, and hence it makes a good initial demonstration 
case for the constitutive-operator condensation method. 
When the static, transverse-layer-response linear elastic laminate model is spatially discretized 
in such a way as to conform to Section 2, both interior displacement nodes and interior stress nodes 
are produced. End nodes, at which boundary values may be prescribed, are also required. There is 
only one degree-of-freedom per node in this one-dimensional case. Master nodes, that is, the nodes 
associated with those degrees-of-freedom which are to be retained in the condensation process, are 
to be chosen from among the displacement/end nodes. Control-volume-integration based finite 
difference methods [9, pp. 25-521 of spatial discretization were used for the laminate cases of this 
paper. This scheme places one stress node between each pair of adjacent displacement/end nodes, 
which is the usual, and simplest, arrangement of the nodes. Hence, if there are N displacement 
nodes then there will be N + 1 stress nodes and two end nodes. The A matrix for this case looks 
like 
A=(9 As), 
where the partition is such that the system matrix L becomes 
(23) 
L = A& (24 
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from the use of (4), and where Ac is defined by its components as 
( 
1 for i = j 
(AO)ij = -1 forj=i-1 andi> 1 (25) 
0 otherwise. 
The rows of Ao correspond to the displacement and end nodes and the columns of A0 correspond 
to the stress nodes. The i in (25) hence runs from one to N + 2 and the j runs from one to N + 1. 
The end nodes correspond to i = 1 and i = N + 2. The components of the C matrix for this case 
are 
i 
-vi for i = j 
Cij = vi for j = i + 1 (26) 
0 otherwise, 
where ni is the stiffness asssociated with the stress node labelled by i. The rows of C correspond 
to the stress nodes and the columns of C correspond to the displacement and end nodes. The i 
in (26) hence runs from one to N + 1 and the j runs from one to N + 2. 
One-dimensional stress-displacement constitutive operators governing transverse-layer response 
were obtained for two laminates. The first laminate case is the same as that of [3]. Each laminate 
case consisted of alternating layers of 304 stainless steel and polystyrene, starting with steel at 
the extreme left layer (spatial origin) and ending up with polystyrene at the extreme right layer 
(backface), for a total of three layers each of steel and polystyrene. As in [3], 304 stainless steel was 
taken to have a mass density of 7.9 gm/cm3 and an acoustic wave velocity of 0.57 cm/microsecond, 
the modulus value being density times wave velocity squared, and the polystyrene was taken 
to have a mass density of 1.05gm/cm3 and a wave velocity of 0.299cm/microsecond. (The 
polystyrene wave velocity value used was the readjusted one from [3].) Five displacement nodes 
per laminate layer interior and, additionally, one end node at each global boundary, were used. 
The displacement nodes were evenly distributed within each layer for the interior layers so that 
the distance between any adjacent (displacement-node, stress-node) pair was l/lOth of a layer 
thickness. As previously stated, a (normal) stress node was placed between each pair of displace- 
ment/end nodes, with the results that each layer-layer interface location corresponded to a stress 
node. The left-most layer was such that the end-node to first stress-node distance was 1/15th of a 
layer thickness, and the same for the first stress-node to first interior-displacement-node distance 
and for the first interior-displacement-node to second stress-node distance. For the remainder of 
the left-most layer the adjacent interior-displacement-node/stress-node distances were l/lOth of 
a layer thickness. The right-to-left node distribution of the right-most layer is the same as the 
left-to-right node distribution (described above) for the left-most layer. Master nodes consisted 
of the central displacement node for each of the six layers and the two end (boundary) nodes. In 
both laminate cases, the reduction was from 32 degrees-of-freedom to eight degrees-of-freedom. 
In both laminate cases, a zero cr matrix was used in (7) and (22) for the condensation process. A 
zero cx matrix is appropriate if interior body forces (or internal applied loads) are negligible and if 
the global boundary nodes (end nodes in this case) are included amongst the master nodes. The 
P permutation matrix was chosen to gather the degrees-of-freedom associated with the chosen 
master nodes into the “upper part” of Pf. All programming was implemented in Mathematics. 
4.1. Six-Layer Periodic Laminate 
The case studied in [3] is that of a six layer periodic laminate for which the steel layer thickness 
is 0.1524 cm and the polystyrene layer thickness is 0.08 cm. The reduced-degree-of-freedom stress- 
displacement constitutive operator, which follows on the succeeding page, was calculated for this 
case by the method of Theorem 1. 
The structure of this matrix can be explained in terms of the effective stiffness 
(27) 
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for the segment of laminate lying between the adjacent master nodes labelled by node numbers i 
and j, where dij is the distance of the same segment of laminate, where 
is the effective modulus for the same segment of laminate, where T is the actual modulus (as a 
function of position) as it varies from layer to layer along the laminate, and where 
tA>ij 
is defined as the spatial (volume) average of any quantity A over the same segment of laminate. 
GT = 
-33.6839 33.6839 0 0 0 0 0 0 
-33.6839 33.6839 0 0 0 0 0 0 
-33.6839 33.6839 0 0 0 0 0 0 
0 -2.19392 2.19392 0 0 0 0 0 
0 -2.19392 2.19392 0 0 0 0 0 
0 -2.19392 2.19392 0 0 0 0 0 
0 -2.19392 2.19392 0 0 0 0 0 
0 -2.19392 2.19392 0 0 0 0 0 
0 0 -2.19392 2.19392 0 0 0 0 
0 0 -2.19392 2.19392 0 0 0 0 
0 0 -2.19392 2.19392 0 0 0 0 
0 0 -2.19392 2.19392 0 0 0 0 
0 0 -2.19392 2.19392 0 0 0 0 
0 0 0 -2.19392 2.19392 0 0 0 
0 0 0 -2.19392 2.19392 0 0 0 
0 0 0 -2.19392 2.19392 0 0 0 
0 0 0 -2.19392 2.19392 0 0 0 
0 0 0 -2.19392 2.19392 0 0 0 
0 0 0 0 -2.19392 2.19392 0 0 
0 0 0 0 -2.19392 2.19392 0 0 
0 0 0 0 -2.19392 2.19392 0 0 
0 0 0 0 -2.19392 2.19392 0 0 
0 0 0 0 -2.19392 2.19392 0 0 
0 0 0 0 0 -2.19392 2.19392 0 
0 0 0 0 0 -2.19392 2.19392 0 
0 0 0 0 0 -2.19392 2.19392 0 
0 0 0 0 0 -2.19392 2.19392 0 
0 0 0 0 0 -2.19392 2.19392 0 
0 0 0 0 0 0 -2.34678 2.34678 
0 0 0 0 0 0 -2.34678 2.34678 
0 0 0 0 0 0 -2.34678 2.34678 
Each row of the above C,ff has an adjacent negative-positive pair of qeff’s (of the same magni- 
tude) with the rest of the row consisting of zero components, just 8s is found in any given row 
of (26). This is indicative of a finite difference version of the local (linear-elastic-form) operator, 
in the transverse-laminate direction, given by 7eff times the spatial derivative in that same direc- 
tion. Unlike (26), however, the qeff’s are grouped in the above C,jf. Recall that the rows of C,ff 
correspond to the stress nodes. The first three stress nodes of the laminate lie within the laminate 
segment between the adjacent master nodes labelled by node numbers one and four, the value 
of (+ff)ra and (~~ff)rd calculated from (2’7)) (28)) and (29) being 33.6839gm/(cm - microsec)2 
and 2.56671 gm/cm - microsec2, respectively. (The stiffness of the first three rows of C,ff is also 
33.6839, and the modulus for 304 stainless steel is also 2.56671.) The next five stress nodes of the 
laminate lie within the laminate segment between the adjacent master nodes labelled by node 
numbers four and nine, the value of (nejf)4s and (~~ff)ds calculated from (27)) (28)) and (29) 
being 2.19392 and 0.254934, respectively. (The stiffness of rows four through eight of C,ff is also 
2.19392, and the effective modulus for any layer-pair, as well as for the entire laminate, is also 
0.254934.) The laminate segments between adjacent master nodes labelled by node number pairs 
(9, 141, 04, 191, (19, 241, and (24, 29) each contain five stress nodes and each have values of 
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veff and reff which are also calculated to be 2.19392 and 0.254934, respectively. The laminatt 
segment between the adjacent master nodes labelled by the node number pair (29, 32) has e 
calculated value of 2.34678 for (neff)ss,sz and a calculated value of 0.093871 for (reff)ss,s2. (The 
stiffness of the last three rows of C,ff is also 2.34678, and the modulus for polystyrene is alsc 
0.093871.) 
For the laminate case one has a priori, independently-obtained knowledge that the effective 
stress-displacement constitutive operator of a laminate segment in the transverse-laminate direc- 
tion (for zero body forces or internal applied loads) is reff times the spatial derivative in that 
direction, where reff is obtained by (28) for i and j associated with the ends of the laminate 
segment. It is also common a priori knowledge that static solutions for models of such laminate 
segments are consistent with a constant stress along the entire laminate segment of value equal 
to the stiffness given by (27) times the difference of the segment-end displacements. The above 
structure for C,ff is totally consistent with all of this a priori knowledge and represents the 
results that a person with such knowledge (but no knowledge of Theorem 1) would have obtained 
for C,ff directly if exactly the same node locations were used for the spatial discretization as 
those of the above master nodes. The constitutive-operator condensation method as embodied in 
Theorem 1, however, gives exactly the results expected; the effective moduli and stiffnesses, and 
even the fact that the effective stress-displacement constitutive operator is local in nature and 
of a linear elastic form, are correctly accounted for. It does this without any a priori knowledge 
of what results should be expected, that is, without “cosching”. The real utility of this method, 
however, should be in its application to those cases for which such a priori knowledge does not 
exist. 
4.2. Six-Layer Nonperiodic Laminate 
As in 121, the condensation method of this paper can handle nonperiodic cases as easily as it 
can handle periodic ones. A six layer nonperiodic laminate case was created from the previous 
periodic case by making the layer thicknesses nonrepeating. 
c aff = 
-33.6839 33.6839 
-33.6839 33.6839 
-33.6839 33.6839 
0 -2.19392 
0 -2.19392 
0 -2.19392 
0 -2.19392 
0 -2.19392 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 
0 
0 
2.19392 
2.19392 
2.19392 
2.19392 
2.19392 
-2.22473 
-2.22473 
-2.22473 
-2.22473 
-2.22473 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
2.22473 
2.22473 
2.22473 
2.22473 
2.22473 
-3.45186 
-3.45186 
-3.45186 
-3.45186 
-3.45186 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
3.45186 
3.45186 
3.45186 
3.45186 
3.45186 
-3.49891 
-3.49891 
-3.49891 
-3.49891 
-3.49891 
0 
0 
0 
0 
0 
0 
0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
3.49891 0 0 
3.49891 0 0 
3.49891 0 0 
3.49891 0 0 
3.49891 0 0 
-1.51825 1.51825 0 
-1.51825 1.51825 0 
-1.51825 1.51825 0 
-1.51825 1.51825 0 
-1.51825 1.51825 0 
0 -1.56452 1.56452 
0 -1.56452 1.56452 
0 0 0 0 -1.56452 1.56452 
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The layer thicknesses of the laminate are taken to be (0.1524, 0.08, 0.12, 0.05, 0.1, 0.12}, in cm, 
in left-to-right order. The reduced-degree-of-freedom stress-displacement constitutive operator, 
shown above, was calculated for this case by the method of Theorem 1. The values calculated 
from (27), (28), and (29) for the qeff’s agree perfectly with those found in the above C,ff for 
this nonperiodic case. The structure of this matrix is essentially the same as that for the previous 
periodic case except that the laminate segments between adjacent master nodes labelled by node 
number pairs (4, 9}, (9, 14}, (14, 19}, (19, 24}, and (24, 29}, containing five stress nodes each, 
have values of qeff and 7eff which differ from one segment to another. This, and the difference 
in computed effective stiffness and modulus values between the previous C,ff and this one, is due 
to the changes in the layer-thickness distribution, leading to a loss of periodicity, in the laminate. 
The laminate segments between adjacent master nodes labelled by node number pairs (1, 4}, 
14, 91, (9, 141, 04, 191, (19, 241, (24, 291, and (29, 32) have the reff values, computed 
from (28), of (2.56671, 0.254934, 0.222473, 0.293408, 0.262419, 0.167007, 0.093871}, respectively. 
Condensation of both the periodic and the nonperiodic laminate cases produced macroscale 
stress-displacement constitutive operators which had a linear-elastic form, the same form as that 
of the microscale version originally input into the condensation process. In the nonperiodic case, 
the effective modulus varied with position, whereas the effective modulus was constant in the 
periodic case, excluding end effects. In both cases, (28) determined the local effective modulus. 
The results of both cases agree with the a priori expected outcome and hence, these cases also 
serve as an initial validation check on the method. 
5. CONCLUDING REMARKS 
The constitutive-operator condensation method of this paper can produce accurate reduced- 
degree-of-freedom constitutive operators for semi-discrete systems for which all nonlinearities, if 
present, are restricted to the constitutive behavior. This capability was verified for both the cases 
of a periodic and a nonperiodic laminate of steel-polystyrene. For homogenization/smoothing 
applications the method produces macroscale constitutive operators within this semi-discrete 
setting. Some potential applications may make direct use of such semi-discrete versions of the 
macroscale constitutive operator. Greater potential utility may possibly be had, however, by 
separating the form from the content of the effective constitutive operator produced and then 
trying to obtain the continuum equivalent of the form. Each row of C,ff gives an instance of the 
constitutive operator as it applies to a particular position. The form of such an operator should 
be independent of the row of C,ff (though the content of the same operator may be a function 
of position), and hence, one might be able to adapt pattern recognition methodology to finding 
the common pattern amongst the rows of C,ff. This may ultimately allow the automation of 
form-content separation for condensed constitutive operators. In addition, pattern recognition 
methodology may possibly be useful in recognizing particular patterns of discrete operators as 
representing a finite-difference version (for example) of a particular continuum operator. 
An alternative approach is to assume a very general constitutive operator form and interpret 
the discrete macroscale operator in terms of it. As an example, let the independent variables 
which are to be discretized be represented by the vector 3c’ and let the remaining independent 
variables (preserved continuous) be represented by the vector .Z In addition, assume that the 
equivalent continuum constitutive operator 9 operating on arbitrary f has the integral form of 
Sf = s k(% ?)[Tf(?‘; z)]dV’, 19 
where dV’ is a differential “volume” in the Z’ variables, 6 is the extent of the support of k, 
(that is, the region for which k is nonzero with respect to its j?-dependence), where T is a linear 
operator which operates only on the d-dependence of f, and where, for each value of i and Z’, 
the kernel k itself is allowed to be an operator as well, operating only on the Z-dependence of Tf. 
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Note that 6 can be, in general, a function of the Z variables and that, if the Z are the spatial 
variables, that 6 is determined by correlation-lengths which cannot extend beyond the spatial 
extent of the physical specimen. If one discretizes \k with respect to the &dependence using 
the master nodes for the primed variables, and the nodes corresponding to the rows of C,ff for 
the unprimed variables, the discrete version of Q should then directly correspond to C,ff. This 
correspondence can be given by components as 
where T^ is the discrete version of T and where w is a matrix of quadrature 
approximate the integral in \E. This relation can then be used to determine 
of k as 
weights required to 
the discrete version 
from the compvted C,.f of_(16), using the method of this paper, where ?;-l is the (Moore- 
Penrose) pseudo-inverse of T. For the cases of Sections 4.1 and 4.2, the T would be a spatial 
derivative operator, the rows of the discrete k would correspond to the stress nodes, and the 
continuum k should be a Dirac delta (generalized) function times the modulus. 
APPENDIX 
PROOF OF THEOREM 1 
The proof that P is idempotent is given in Appendix B of [2]. It is also shown there, through 
the use of (7)-(g), that 
p-‘( gii, > =f (39) 
is satisfied for all f which satisfy (19). The theorems of Appendix A of [2] will be used in this 
proof. There are several preliminary relations to prove, however, before that of Theorem 1 can 
be given. The first preliminary result is 
Lo = L + &,p + A,, (gl+ i&p), (31) 
which follows from the definitions given by (15)-(17). 0 ne can then use (31) and (14) to establish 
aL0 = A,, + LP + ii,, (!Ei + Q) . (32) 
Next, for any compatible matrix C, one establishes 
( ; )(P-'C) = (( ; )p-1) c 
P-l = ( > CP-1 c 
P-l = ( ) E C 
= u )) r ; c, 
using Theorem 5 of [2] via P-l as a permutation matrix, then using the definition of 2 given 
by (ll), and finally using Theorem 4 of [2] with I-’ defined as 
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This result can be used in 
P(q ;,(P-rC)))=P(+( k))C)) 
=P((W( ;))c) 
= (P((W( ;)))c 
= ((Wq ;))c 
followed by the use of Theorem 3 of ]2] via the homomorphic property of A twice and then via 
the homomorphic property of P twice, followed by (33) and the definition of K given by (lo), 
and finally by the use of Theorem 3 of [2] again via the homomorphic property of A. (The ii is 
homomorphic because products of homomorphic matrices are themselves homomorphic matrices.) 
The proof to Theorem 1 can now be given as 
Lu = (P_lP) A ( K :: >(n,)>> 
=p-‘(p(iz(( ;>w>>> 
=p-l(H(( k)( iv))) 
= p-1 ( [L + LP + ii13 (Zl + %P)] v[&1+ &zp + b, (21 + %P)] 2,) =p-f afit;, ) 
=p-1 w ( > 4w > 
= f, 
using (4) and (21) for L and U, then using Theorem 3 of [2] via the homomorphic property of P-l, 
then (18) using the end result of the previous paragraph with C taken as 
then using (12) and (13), then using (31) and (32), then using (20), and finally by the use of (30). 
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